In this paper, we discuss about the oscillatory behavior of the higher order quasilinear delay difference equation of the form
Introduction
The difference equations and their oscillatory properties were discussed vigorously by R. P. Agarwal [4] and R. P. Agarwal et.al. [1] , [2] , [3] . In the natural sciences and in the population dynamics, there are numerous applications of difference equations.
There has been a rise in amount in the study of oscilllatory, non-oscillatory and asymptotic behavior of solutions of difference equations in the last two decades.
Many researches have been carried out on the oscillatory and asymptotic behaviour of solutions of linear higher order delay difference equations. But the results dealing with higher order quasilinear equations are relatively scarce.
Therefore in this paper, we consider the following higher order quasilinear delay difference equation
where
and ∆ is the forward difference operator defined by ∆x (k) = x (k + 1) − x (k). By a solution of equation (1.1), we mean a real sequence {x (k)} which is defined for k ≥ min i≥0 {τ (i)} and satisfies equation (1.1) for sufficiently large k. A solution {x (k)} is said to be oscillatory if it is neither eventually positive nor eventually negative. Otherwise it is called non-oscillatory. A difference equation is said to be oscillatory if all of its solutions are oscillatory. Otherwise, it is non-oscillatory.
The purpose of this paper is to derive some oscillation criteria for equation (1.1). Throughout this paper, the following conditions are assumed to hold.
(i) α, β are the ratios of odd positive integers and β ≤ α.
(ii) {a (k)} and {p (k)} are positive real sequences for n ≥ n 0 .
(iii) {τ (k)} is a positive real-valued sequence such that τ (k) < k and lim k→∞ τ (k) = ∞.
Preliminary Lemmas
We need the following lemmas for our results.
Lemma 2.1 (see [1] ) Let y (k) be defined for k ≥ k 0 ∈ N and y (k) > 0 with ∆ n y (k) of constant sign for k ≥ k 0 and not identically zero. Then there exists an integer m, 0 ≤ m ≤ n with (n + m) odd for ∆ n y (k) ≤ 0 and (n + m) even for
Lemma 2.2 (see [1] ) Let y (k) be defined for k ≥ k 0 and y (k) > 0 with ∆ n y (k) ≤ 0 for k ≥ k 0 and not identically zero. Then there exists a large integer k 1 ≥ k 0 such that
where m is defined as in Lemma 2.1. Further, if y (k) is increasing, then
Main Results
In this section, we study sufficient conditions for oscillation of solution of equation (1.1).
Theorem 3.1 Let n be even. Assume that (1.2) holds and every solution of the first order delay difference equation
for every constant M > 0, then every solution of equation (1.1) is either oscillatory or tends to zero as k → ∞.
Proof. Assume the contradiction that equation (1.1) has a non-oscillatory solution {x (k)} and also assume that {x (k)} is eventually positive. Furthermore, suppose that lim
Then it follows from equation (1.1) that there are two possible cases:
case(i):
In this case, we have x (k) > 0 and ∆ (n) x (k) is of constant sign and not identically zero for k ≥ k 1 . According to lemma 2.1, there exists a k 2 ≥ k 1 such that
In particular, since ∆x (k) > 0 for k ≥ k 2 , we have x (k) is increasing. Since x (k) is increasing, by the instructions in the second part of lemma 2.2, there exists a k 3 ≥ k 2 such that
That is,
There exists a k 4 ≥ k 3 such that
Consider the difference inequality of the equation (1.1)
Using (3.3) in the inequality (3.4), we have
This implies,
Using (3.2) in the above inequality, we have
By (3.3), we can see that the inequality (3.5) has an eventually positive solution y (k). Then by a well-known result(see [7] , [16] ), the difference equation (3.1a) also has an eventually positive solution, which is a contradiction to the fact that equation (3.1a) is oscillatory.
case(ii):
Define the function v (k) by
Dividing the above inequality by a 1 α (s), we obtain
Summing the above inequality from k to u − 1, we get
.
Letting u → ∞ in the above inequality, we have
, which implies,
Using (3.6) in the above inequality, we have
From (3.6), we can get
Using (1.1) and (3.6) in the above equation, we obtain
By lemma 2.2, we get
Then we can find a constant M > 0 such that
Multiplying the above inequality by δ α (k) and summing from k 1 to k − 1, we get
, u = −v (s). Then we have the inequality,
Using the inequalities (3.7) and (3.9) in the inequality (3.8), we have
which contradicts (3.1b) . This completes the proof of the theorem.
Corollary 3.2 Let n be even. Assume that (1.2) holds. Moreover assume that α = β and
Then every solution of equation (1.1) is oscillatory or tends to zero. 
